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Abstract 

We introduce a model for synchronizer of marked pairs, which is a 
node for joining results of parallel processing in two-branch fork-join 
queueing network. A distribution for number of jobs in the synchro- 
nizer is obtained. Calculations are performed assuming that: arrivals 
to the network form a Poisson process, each branch operates like an 
M/M/N queueing system. It is shown that a mean quantity of jobs 
in the synchronizer is bounded below by the value, defined by param- 
eters of the network (which contains the synchronizer) and does not 
depend upon performance and particular properties of the synchro- 
nizer. A domain of network parameters is found, where the flow of 
jobs departing from the synchronizer does not manifest a statistically 
significant difference from the Poisson type, despite the correlation 
between job flows from both branches of the fork-join network. 



svysh@pn.sinp.msu.ru 



1 



Mo^ejib CHHxpoHH3aTopa MapKnpoBaHHbix nap b ceTH 
pa3BeTBjieHHe-o6 r be/];HHeHHe 

C.B. BbinieHCKHiit 1 , n.B. TpHropbeB^, K).K). ,Hy6eHCKaa§ 

f HHH a^epHon (pH3HKn Mry, MocKBa 119899 
\ Hhcthtyt oSmeii (J)H3hkh PAH, BaBHJiOBa 38, MocKBa 119991 

§ HHCTHTyT TOMHOH MexaHHKH H BblHHCJIHTejIbHOH TeXHHKH PAH, 

JleHHHCKHH npocn. 51, MocKBa 119991 

CTaTba nySjiHKyeTca b acypHajie 
06o3penue npuKJiadnou u npoMuiuAeHHoil MameMamunu, 2008 

Ahhotsijhji 

IlpefljiOHceHa MO^ejib CHnxpoHH3aTopa MapKnpoBaHHbix nap - y3- 
jia o6teflHHeHH5i pe3yjibTaTOB napajuiejibHoii o6pa6oTKH flByx noTOKOB 
b ceTHx MaccoBoro o6cjiyjKHBaHHH Tuna pa3BeTBjieHHe-o6 r beflHHeHHe 
(fork-join). HaftfleHO pacnpeflejieroie KOJinnecTBa 3aHBOK b chhxpohh- 
3aTope. PacneTbi npoBefleHbi ^jih CTaunoHapHoro peacnivia b cjieflyio- 
uthx npeflnojiojKeHHHx: Ha bxo,d; ceTH nocTynaeT noTOK 3aaBOK nyac- 
coHOBCKoro Tnna, CHCTeMbi b o6enx bctbhx ceTH othochtch k Tnny 
M/M/N. IloKa3aHO, hto cpe/niee hhcjio 3aaBOK b CHHxpoHH3aTope 
orpaHHHeHO CHH3y 3HaHeHneM, KOTopoe onpe^ejiHeTCH napaMeTpaMii 

CeTH, COflepjKaUJ,eH CHHXpOHH3aTOp, H He 3aBHCHT OT npOH3BO,irHTejIb- 

hocth h oco6eHHOCTeft CHHxpoHH3aTopa. Haft^eHa o6jiacTb napaMeT- 

pOB CeTH, B KOTOpOH KOppejIHHHH MejKfly nOTOKaMH 3aHBOK H3 pa3HBIX 
BeTBeft CeTH He npHBOflHT K CTaTHCTHHeCKH 3HaHHMOMy OTKJIOHeHHK) 

noTOKa Ha Bbixo^e CHHxpoHH3aTopa ot nyaccoHOBCKoro Tnna. 

Co^ep^caHne 
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3 IIotok Ha Bxo^e cnHxpoHH3aTopa 
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5 IIotok Ha Btixo^e CHHxpoHH3aTopa 

6 C^cy^K^eHHe pe3yjitTaTOB 
A IIpoBepKa CTaTHCTHnecKHx rnnoTe3 
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Phc. 1: CeTb pa3BeTBjieHHe-o6 r be^,HHeHHe c ,a,ByMa bgtbsmh. 

1 BBe^eHHe 

B paSoTe [T] npe,njio>KeH hobbih cpyHKn,HOHajibHbiH sjieivieHT cuHxpoHU3amop 
MapKupoeciHHUX nap fljia onacaHaa npoaecca o6T>e,HHHeHHa pe3yjibTaTOB na- 
pajuiejibHoii o6pa6oTKH ,HByx noTOKOB 3aaBOK b ceTax MaccoBoro oScjiyata- 
BaHHa Tuna pa3BeTBJieHHe-o6 r be,u;HHeHHe (PO) hjih fork-join. OKa3ajiocb, hto 
flajKe caivioe aScTpaKTHoe npe^CTaBJieHiie o CHHxpoHH3aTope no3BOJiaeT npa- 
MemiTb H3BecTHbiH MaTeMaTHHecKHH annapaT ,njia aHajiroa Harpy3oaHbix 
xapaKTepncTHK cgth PO, KOTopaa co^ep>KHT TaKoii CHHxpoHH3aTop. B Ha- 
CToaineii paSoTe npe,njio>KeHa Mo^ejib, b MiiHiiMajibHoii CTeneHH ^eTajiH3H- 
pyioinaa ycTpoficTBO CHHxpoHH3aTopa. BBe^eHHe TaKofi MO^ejin no3BOJiaeT 
HCCJie^OBaTb ^onojiHHTejibHbie CBOHCTBa ceTH PO. B aacTHOCTH - npoBecTii 
aHajiH3 HenyaccoHOBCKHx cbohctb noTOKOB 3aaBOK b ceTax PO. 

PaccMOTpaM ceTb MaccoBoro oScjiyjKHBaHHa Tana PO, noKa3aHHyio Ha 
pacyHKe [U Iipe,zinojio;<KHM, hto Ha bxo^ cgth nocTynaeT nyaccoHOBCKHH no- 
tok npoiviapKHpoBaHHbix (Hanpniviep, npoHyiviepoBaHHbix) 3aaBOK c hhtgh- 
chbhoctbk) A > 0. B TOHKe pa3BeTBJieHHa / Ka>Kflaa 3aaBKa pa3flejiaeTca 
Ha flBe 3aaBKH c o^HHaKOBbiMH HOMepaMH, coBna^;aiOHi;HMH c HOMepoM hc- 
xo^hoh 3aaBKH. 3th flBe 3aaBKH oflHOBpeMeHHO nocTynaiOT Ha bxo^, BeTBen 
a h 6, KOTopbie npe^CTaBjiaiOT co6oh CHCTeMbi MaccoBoro oScnyacHBaHHa 
M/M/N a h M/M/Nf), r^e N a , N b > 1 3a,ziaiOT KOJinaecTBa napajuiejibHbix 
KaHajiOB o6cjiyjKHBaHna b BeTBax a h b. Oaepe^n b BeTBax a h b no^raHHaiOT- 
ca ,irHcrrHnjiHHe FIFO. CeTb (pyHKHHOHHpyeT b CTairHOHapHOM pejKHMe. J\jir 
o6T>e^HHeHHa pe3yjibTaTOB napajuiejibHoii o6pa6oTKH ,HByx noTOKOB b BeTBax 
a h b ceTH cjiyatHT y3eji S, Ha3BaHHbin b Hanien pa6oTe p.] cuHxpoHU3amopoM 
MapKupoeannux nap. 

CeTb MaccoBoro o6cjiyjKHBaHHa PO npe^CTaBJiaeT co6oh yn;o6Hyio mo- 
flejib fljia pacaeTa Harpy3oaHbix xapaKTepncTHK (pparivieHTOB pa3JinaHbix 
HH(popMan,HOHHbix, KOMMyHHKan,HOHHbix h npoH3BOflCTBeHHbix CHCTeM. B aacT- 
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hocth, TaKOH cpparivieHT xapaKTepeH fljia cncTeivi, (pyHKUHOHajibHOCTb koto- 
pbix npiiH3TO 3a^;aBaTb Ha a3biKe noTOKOB pa6oT (workflow). 

B SojibiiiHHCTBe paSoT o cgthx PO [3], [4], [5], [6], [Tj, [HI HO] pemaeTca 
3a,a,aHa BbiancjieHHa BpeMemi OTKjiHKa cgth, to ecTb npoMea<yTKa BpeMe- 
hh, pa3,a,ejiaioinero MOMeHTbi pa3BeTBjieHna h o6T>e,nHHeHHa noTOKOB 3aaBOK 
b BeTBax ceTH, a TaKJKe pacnpe^ejieHne fljia o6mero KOJinaecTBa 3aaBOK b 
cera PO. B 3thx paSoTax He KOHKpeTH3npoBajica MexaHH3M oSijeflHHeHHa 
noTOKOB 3aaBOK h He HCCJie^OBajiHCB CTaTHCTnaecKne CBoiicTBa SToro npo- 
necca. 

B HacToameii paSoTe npe^JiaraeTca MO^ejib pjisi CHHxpoHH3aTopa Map- 
KHpoBaHHbix nap KaK OTflejibHoro cpyHKirnoHajibHoro sjieivieHTa ceTH PO. K 
ocHOBHbiM pe3yjibTaTaM HacToainefi CTaTbH OTHOcaTca: npe^CTaBJieHHe Hfle- 
ajibHoro CHHxpoHH3aTopa MapKHpoBaHHbix nap b Bn^e cncTeivibi MaccoBoro 
o6cjiya<HBaHHa c 6ecKOHeaHbiM KOJinaecTBOM KaHajiOB o6cjiya<HBaHHa, Ha- 
xojK^eHne o6jiacTH napaMeTpoB ceTH, b KOTopofi OTjinane Bbixo^Horo noTOKa 
CHHxpoHH3aTopa ot nyaccoHOBCKoro He HBJiaeTca CTaTHCTnaecKn 3HannMbiM. 
B toh ace oSjiacTH napaivieTpoB npe^jiojKeHO npH6jiHJKeHne fljia pacnpe^ejie- 
Hna KOJinnecTBa 3aaBOK b CHHxpoHH3aTope. nojiyaeHHbie pe3yjibTaTbi no3- 
BOJiaiOT peniaTb cjie^yioiiiHe 3a^,aan: pacaeT pecypcoB pjisi 6ecnepe6oHHon 
pa6oTbi ceTH PO, onTHMH3anna pecypcoB ^jia paSoTbi ceTH PO, nccjie^OBa- 
Hne B3aHMO^eHCTBHe ceTH PO c Sojiee KpynHoii ceTbio, co^ep^Kaineii ^aHHyio 
ceTb PO. 

/JajibHenniee H3JiojKeHne nocTpoeHO cjie,iryioiii;HM o6pa30M. B pa3flejie [2] 
npHBe^eH o6hi,hh ajiropnTM paSoTbi CHHxpoHH3aTopa h npe,njio>KeHa Mo^ejib 
H^eajibHoro (SecKOHeaHO 6biCTporo) CHHxpoHH3aTopa MapKHpoBaHHbix nap. 
B pa3^ejie [3] nccjie^yiOTca CTaTHCTHaecKne CBoiicTBa noTOKOB 3aaBOK Ha bxo- 
fle CHHxpoHH3aTopa. J\jih ceTH PO npn N a = iVj, = 1 nyTeM ancjieHHoro 
penieHHH ypaBHeHHH KojiMoropoBa-MenivieHa noKa3aHO, hto noTOK Ha bxo- 
^e CHHxpoHH3aTopa He HBJiaeTca nyaccoHOBCKHM. JXfin ceTH PO c napaMeT- 
paMH N a , Nf, > 1 MeTO^aM MO^ejinpoBaHna noKa3aHO, hto bxo^,hoh noTOK 
CHHxpoHH3aTopa aBjiaeTca noumu nyacconoecKUM (cm. npnjio>KeHHe [All npn 
HeKOTopbix KOM6nHan;Hax napaivieTpoB ceTH. B pa3^ejie [4] noaTH nyaccoHOB- 
CKoe npn6jiHJKeHHe ^jih BxoflHoro noTOKa CHHxpoHH3aTopa no3BOJinjio npn- 
MeHHTb H3BecTHbin MaTeMaTnaecKHn annapaT ,h;jih onncaHna pacnpe^ejieHna 
KOJinaecTBa Tpe6oBaHHH b CHHxpoHH3aTope. IloKa3aHO, hto flaate b n^eajib- 
hom CHHxpoHH3aTope cpe,HHee hhcjio 3aaBOK b CHHxpoHH3aTope orpaHnaeHO 
CHH3y 3HaaeHneM, KOTopoe onpe^ejiaeTca Jinnib napaivieTpaMH ceTH PO, co- 
flepacameii CHHxpoHH3aTop, h He 3aBHCHT ot cbohctb CHHxpoHH3aTopa. B 
pa3^ejie [5] Han^eHbi ycjiOBHa, npn kotopmx noTOK Ha Bbixo^e CHHxpoHH3aTO- 
pa aBjiaeTca noaTH nyaccoHOBCKHM. B pa3,a,ejie [6] nojiyaeHHbie b HacToameH 
CTaTbe pe3yjibTaTbi cpaBHHBaiOTca c H3BecTHbiMH H3 jiHTepaTypbi, a TaK>Ke 
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o6cy>KflaiOTC5i B03MOJKHbie npHMeHemiH. B IIpHJiojKeHHH [A] flaHO onpeflejie- 
Hue noHTH nyaccoHOBCKoro noTOKa, a TaKJKe H3Jio>KeHbi Hcnojib30BaHHbie Me- 

TOflbl HHCJieHHOrO MOflejIHpOBaHHH flJIH npOBepKH CTaTHCTHHeCKHX riinoTe3. 

2 Mo^ejib CHHxpoHH3aTopa MapKHpoBaHHbix nap 

Ilponecc oStefliiHeHHa ppyx noTOKOB MapKHpoBaHHbix 3anBOK b pa3Hbix ce- 
thx MOJKeT npoHexoflHTb no-pa3HOMy. B HacTOHmeii pa6oTe mm npeflJiaraeM 
npii6jiH>KeHHOG onHcaHHe 3Toro npouecca c noMombio HOBoro (pyHKHHOHajib- 
Horo BJieMeHTa - CHHxpoHH3aTopa S MapKHpoBaHHbix nap (pnc. Q]). By^eM 

CHHTaTb, HTO 3TOT CHHXpOHH3aTOp S COCTOHT H3 naMHTH CHHXpOHH3aTOpa 
H MOHHTOpa M, KOTOpblfi OTCJie>KHBaeT H H3MeH3eT COCTOHHHe naMHTH CHH- 

xpoHH3aTopa. IIojiaraeM, hto mohhtop M cpa6aTbiBaeT MrHOBeHHO, a pa3- 
Mep naMHTH HeorpaHnneH. Hmchho noaTOMy mm Ha3biBaeM CHHxpoHH3aTop 
udeaAbHUM. H^eajibHbiii cnHxpoHH3aTop pa6oTaeT cjie^yioiHHM o6pa30M. 

3aaBKH H3 BeTBefi a h b nocTynaiOT Ha bxo^ CHHxpoHH3aTopa S MapKHpo- 
BaHHbix nap n coxpaHHiOTCH b ero naMHTH. Ilapy 3anBOK pa3JiHHHbix thhob 
(a h b) c oflHHaKOBbiMH HOMepaMH 6y^eM Ha3biBaTb napmnepaMU. rtapraepa, 
^ocTHrniero CHHxpoHH3aTopa nepBbiM H3 napbi napraepoB, SyijeM Ha3biBaTb 
nepeuM napmnepoM. IlapTHepa, flocTnrmero CHHxpoHH3aTopa btopmm h3 
napbi napTHepoB, SyneM Ha3biBaTb emopuM napmnepoM. 

nocjie coxpaHeHHH bhobb nocTynnBHien 3aHBKH b naMHTH, mohhtop M 
npoH3BOflHT cjie^ryiomne fleiiCTBHH: 

• onpe^ejiaeTCfl HOMep h Tnn (a hjih b) hoboh 3aHBKH, 

• ecjiH b naMHTH CHHxpoHH3aTopa yjKe HMeeTCH (nepBbifi) napTHep ^jih 
hoboh 3aHBKH, to 06a napTHepa Han^eHHOH napbi ya,ajiHiOTCH H3 na- 
MHTH CHHxpoHH3aTopa n nepe^aiOTcn Ha bbixo^, CHHxpoHH3aTopa. 

• ecjiH napTHep ^jih hoboh 3anBKH b naMHTH OTcyTCTByeT, to HOBan 3a- 
HBKa (to ecTb nepBbin napTHep H3 napbi) ocTaeTCH b naMHTH cnHxpo- 
HH3aTopa >K^,aTb CBoero BToporo napTHepa. 

Hcxo^h H3 npHBe^eHHoro ajiropnTMa paSoTbi CHHxpoHH3aTopa, onpe^e- 
jihm BpeMH t npe6biBaHHH napbi b CHHxpoHH3aTope KaK pa3HHiry bo BpeMeHH 
MejK^y npnxoflOM BToporo h nepBoro napTHepoB H3 napbi. 

OyHKitnoHHpoBaHHe cncTeM a h b onncbiBaeTCH c noMombio KjiaccHnecKoii 
TeopHH MaccoBoro oScjiyjKHBaHHH h He npeflCTaBjineT cjiojkhocth. Yctpoh- 
ctbo H^eajibHoro CHHxpoHH3aTopa moxho onncaTb npn noMomn cjieflyioinen 

MO^ejIH. 
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Phc. 2: Mo^ejib So cnHxpoHH3aTopa keik cncTeMbi MaccoBoro o6cjiy>KHBaHHJi 
c SecKOHe^HbiM hhcjiom KaHajiOB. 

Mo^ejib So CHHxpoHH3aTopa xax CHCTeMbi MaccoBoro o6cjiy>KH- 
BaHHH c 6ecKOHeHHMM hhcjiom KaHajiOB. Ha pHcyHKe [2] naMHTb chh- 
xpoHH3aTopa peajiH30BaHa b BH^e SecKOHenHoro nncjia napajuiejibHbix KaHa- 
jiob o6cjiy>KHBaHHa. K(Sq) - hhcjio KaHajiOB, 3aH3Tbix b HeKOTopbiii MOMeHT 
BpeMeHH. 

B 3toh Mo^ejiH epejueneM o6cAyMcueaHUH HBjiaeTca BpeMn t npeSbiBaHnn 
b CHHxpoHH3aTope. B TeneHne SToro BpeMeHH nepBbifi napTHep oxcn^aeT b 
CHHxpoHH3aTope CBoero BToporo napTHepa. SaivieTHM, hto nepBbiii napTHep 
noKH^aeT CHHxpoHH3aTop, KaK tojibko npnxoflHT ero BTopoii napTHep, BHe 

3aBHCHMOCTH OT KOJIHHeCTBa OCTajIBHblX nepBMX napTHepOB B CHHXpOHH3a- 

Tope h hx BpeMeHH ojKHflSHHa . TeM caMbiM, nepBbie napraepBi He o6pa3yiOT 
onepe^n b Tpa^nnnoHHOM CMbicjie SToro TepMHHa, a MOMeHTbi Bbixo^a H3 
CHHxpoHH3aTopa onpeflejiaiOTca tojibko BpeMeHeM o6cjiy>KHBaHHH. 

TaKHM o6pa30M, b TepMHHax MO^ejin Sq CHHxpoHH3aTop npe^CTaBJieH 
b Bn/xe "BHpTyajibHon" CHCTeMbi MaccoBoro oGcjiyacnBaHna c 6ecKOHenHbiM 
hhcjiom KaHajiOB. BnpTyajibHOCTb 03HanaeT, hto peajibHoro o6cjiy)KHBaHHJi 
3aaBOK He npoH3BOflHTCH. IIpocTO nepBbie napTHepbi ojKHflaiOT BTopnix napT- 
HepoB. Ilpn 3tom nocTynjieHHe b CHHxpoHH3aTop nepBoro napTHepa onpe^e- 
jiaeT MOMeHT Hanajia o6cjiyjKHBaHHa napbi, a nocTynjieHne b cnHxpoHH3a- 
Top BToporo napTHepa onpe^ejiaeT momcht OKOHnaHna o6cjiyjKHBaHna napbi. 
Mo>kho CKa3aTb, hto eupmyaAbHuu noTOK ixi(So) 3aaBOK Ha Bxofle Mo^ejin 
So coBna^aeT c peajiBHbiM noTOKOM nepBBix napTHepOB nap, nocTynaiomnx b 

CHHXpOHH3aTOp. A GUpmyaAbHUU nOTOK 3aflBOK out (So) Ha BBIXOfle MO^ejIH 

5*o coBna^aeT c peajiBHbiM noTOKOM BTopbix napTHepOB nap, nocTynaiomnx 

B CHHXpOHH3aTOp. 

TaKaa MO^ejib no3BOJiHT HaM npnMeHHTb ,h,jih pacneTa xapaKTepncTHK 
CHHxpoHH3aTopa xoponio H3BecTHbiH MaTeMaTHHecKHH annapaT [11 J , pa3Bn- 
Tbiii fljia CHCTeM Gi/Gq/oo, r^e G\ - npon3BOJibHbin 3aKOH pacnpe^ejieHHH 



6 



HHTepBajiOB MejKjjy npnxojjaMH nepBbix napTHepoB, Go - npon3BOJibHbin 3a- 
koh pacnpeflejieHiia BpeMeHH t npe6biBaHHH b CHHxpoHH3aTope. 

3 IIotok Ha Bxo,a;e CHHxpoHH3aTopa 

IIotok 3aaBOK Ha Bxo^e MOjj;ejiH So (to ecTb BHpTyajibHbifi iiotok in (So)) cob- 
na/iaeT c iiotokom nepBbix napTHepoB MapKiipoBaHHbix nap. B CTauiiOHap- 
hom pe>KHMe cgth PO CKopocTb Ai nocTynjieHna b cnHxpoHH3aTop nepBbix 
napraepoB KajK^on napbi: Ai = p a X a + Pb^b = A, r,a,e A a = A& = A - CKopocTb 
nocTynjieHna 3aaBOK b BeTBb a hjih b, a p a n p b = 1 — p a - BepoaTHOCTH npn- 
xojja nepBoro napTHepa b CHHxpoHH3aTop H3 bctbh a hjih b cooTBeTCTBeHHO. 
TaKHM o6pa30M, HHreHCHBHOCTb noTOKa in (So) paBHa A; n = A. 

Ecjin 6m noTOK in (So) OKa3ajica nyaccoHOBCKHM, to sto no3BOJinjio 6bi 
HaM 3aMeHHTb Mo^ejib S*o = Gi/Gq/oo Sojiee npocTon Mo^ejibio So = M/Gq/oo, 
a 3HannT, 3bho paccnnTaTb pacnpe^ejieHne KOJinnecTBa 3aaBOK b chhxpohh- 
3aTope [12j. 

IloKajKeM, o/iHaKO, hto noTOK nepBbix napTHepoB He Bcerjja HBJiaeTca 

nyaCCOHOBCKHM. PaCCMOTpHM CeTb PO C flByMfl B6TBHMH {M/M/l; M/M/l} 

b Kaacflofl H3 KOTopbix HMeeTca no ojj,HOMy KaHajiy o6cjiy)KHBaHHa N a = 
N b = 1, a Ha Bxofl ceTH nocTynaeT nyaccoHOBCKHii noTOK HHTeHCHBHOCTH A 
(pnc. [T]). KaK mm o»cHjj;aeM, npn N a = Nj, = 1 otkjioh6hhh noTOKa in (So) ot 
nyaccoHOBCKoro MaKCHMajibHbi. B CTaniiOHapHOM pejKHMe cocTOHHne bctbh 
i (i npHHHMaeT 3HaneHHa a hjih b) b HeKOTopbin momcht BpeMeHH 6yn;eM xa- 
paKTepH30BaTb HeoTpHnaTejibHbiM ikbjimm hhcjiom - KOJinaecTBOM Tpe6o- 
BaHHH, Haxo,aaiii,Hxca b bctbh i. CocToaHne oSenx BeTBeii, paccMaTpnBaeMbix 
coBMecTHO, xapaKTepn3yeTca napon nnceji (q a , qb). BepoaTHOCTb coctohhhh 
(Qa, Qb) paBHa P(q a , qb). Hhtghchbhocth oScjiyacHBaHHH b BeTBax paBHbi /i a 
h /lb- 06o3HannM ip a = A/ (N a fi a ) n ip b — V (N a /ib). B CTauiiOHapHOM pejKHMe 
BepoaTHOCTH P(q a , qb) ne 3aBncaT ot BpeMeHH, a ip a < 1 h ipb < 1- 

HaftfleM pacnpejj,ejieHHe BepoaTHOCTen P(q a , qb) flJia npoH3BOJibHoro cpHK- 
CHpoBaHHoro HaSopa napaivieTpoB ce™ PO: A, fib- 3Ta 3ajjana peniajiacb 
HHCJieHHO [I] nyTeM HTepauiiOHHoro noncKa CTaniiOHapHoro penieHHa cncTe- 
mm ypaBHeHHH KojiMoropoBa-MenivieHa jj;jih ce™ PO {M/M/l; M/M/l}: 
npn q a = q b = 0: AP(0, 0) = Ma P(l, 0) + fj, b P(0, 1), 
npn q b > 0: (A + fi b )P(0, q b ) = fM a P(l, q b ) + fi b P(0, q b +l), 
npn q a > 0: (A + fi a )P(q a , 0) = fi a P(q a + 1,0)+ fi b P(q a , 1), 
npn q a q b > 0: (A + y. a + n b )P(q a , qb) = AP(g a - 1, q b - 1) + fi a P(q a + 

i, qb) + HbP(q a , g& + l)- 

Hcnojib3ya penieHHa 3thx ypaBHemiH, noKa>KeM, hto noTOK in(So) Ha 
Bxojj,e CHHxpoHH3aTopa OTjinnaeTca ot nyaccoHOBCKoro noTOKa. 
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PaccMOTpiiM ycjiOBHyio BepoaTHOCTb P C ond noaBJieHHa nepBoro napTHepa 
b TeneHne Majioro HHTepBajia BpeivieHH dr cpa3y nocjie noaBJieHna npe^bi^y- 
m,ero nepBoro napTHepa: 

p = ^a P (Qb >q a >l)+ fx 2 b P(q a >q b >l) + (/g + f4)P(q a = q b > I) ^ 
fi a P(qb > q a > 0) + fibP(q a > qt > 0) + (/i a + ^ b )P{q a = qb > 0) 

^Jlfl nyaCCOHOBCKOrO nOTOKa C HHTeHCHBHOCTbK) A, BepoaTHOCTb P con d 

He OTJinnajiacb 6bi ot 6e3ycjiOBHOH BepoaTHOCTH P = Xdr noaBJieHna co- 
Smthh b TeneHne HHTepBajia BpeivieHH dr. O^HaKO, KaK noKa3biBaeT pe- 
nieHHe ypaBHeHHH KojiMoropoBa-MenivieHa fljia paccMaTpHBaeMoii ceTH PO 
{M/M/l; M/M/l}, npn jiioSmx HCCJie^OBaHHbix heimh KOM6nHaHnax na- 
paMeTpoB A, /i a , /ife ceTH BbinojiHaeTca cooTHOineHHe: P C ond < P- 3to co- 
OTHonieHHe npoHJiJiiocTpHpoBaHO Ha pncyHKe [3l r^e noKa3aHa 3aBHCHMOCTb 

OTHOCHTejIbHOH pa3HHHbI AP / P = (P — -P C ond) / P 6e3yCJIOBHOH H yCJIOBHOH 

BepoaTHOCTefi ot ifj a fljia aeTbipex 3HaaeHHH ijj b : 0.05; 0.35; 0.65 h 0.90. KaK 
BHflHO H3 rpa(pHKOB, caMoe 3HaaHTejibHoe yMeHbHieHHe BepoaTHOCTH nponc- 
xoflHT b cjiyaaax, Kor^a hht6hchbhocth o6cjiya<HBaHHa b oSenx BeTBax ceTH 
PO coBnaflaiOT (ip a = ip b ). B sthx cjiyaaax ^ojia Majibix HHTepBajiOB MejK/iy 
coSbiTHHMH (noaBJieHHHMH nepBbix napTHepoB) flOJiJKHa yivieHbHiaTbCH, a hc- 
xo^Hoe 3KcnoHeHii;HajibHoe pacnpe^ejieHne - 3aivieTHO HCKajKaTbca, oco6eHHO 
b OKpecTHOCTH Hyjia. Pe3yjibTaTbi SKcnepHMeHTOB no HMHTaHHOHHOMy MOfle- 
jinpoBaHHio npn A = 0.3 h = /i b — 0.8 (hto cooTBeTCTByeT 3HaneHnaM 

Ipa — Ipb — 0.375) nOflTBepjK^aiOT 3TOT BblBOfl. 

J\jis. o6mero cjiyaaa ce™ PO {M / M / N a ; M/M/N b } MeTOflaMH HMHTa- 
HHOHHoro MO^ejinpoBaHHa nocTpoeHa TaGjinna OQ KajK^aa CTpoKa KOTopoii 
3a^aeT oSjiacTb napaMeTpoB ceTH PO, b kotopoh bxo^hoh noTOK MO^ejin So 
aBjiaeTca nonra nyaccoHOBCKHM (cm. IIpHjio>KeHHe [All c tohhoctbio a = 0.01 

H HHTeHCHBHOCTbK) Aj n = A. 



Ta6jiHHa 1: 06jiacTH nonTH nyaccoHOBCKoro (c tohhoctbio 0.01) noTOKa 
m(S ). 



N a 


N b 




tpb 


[1,2] 


[1,2] 


(0, 0.2] U [0.75, 1) 


(0, 0.2] 


[1,2] 


[1,2] 


(0, 0.2] 


(0, 0.2] U [0.75, 1) 


[3, 5] 


[3, 5] 


(0, 0.75] 


(0, i) 


[3, 5] 


[3, 5] 


(0, i) 


(0, 0.75] 


[6, oo) 


[6, oo) 


(0, i) 


(0, i) 



8 




Phc. 3: OTKJiOHeHiie AP/P noTOKa in (So) ot nyaccoHOBCKoro fljia cera N a 

Nb = 1 B 3&BHCHMOCTH ot tp a npri Ipf, = 0, 05 (A), Ipb = 0, 35 (B), Ipb = 0, 

(C) h ipb — 0, 90 (D). 
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4 KojIHHeCTBO 3aaBOK B CHHXpOHH3aTOpe 



KaK bh^ho H3 Ta6jiHn,bi [H cymecTByioT oGnrapHbie oGjiacra napaMeTpoB cgth 

PO, B KOTOpblX BXOaHOH nOTOK MOaejIH Sq CHHXpOHH3aTOpa M05KHO npnGjIH- 

>KeHHO CHHTaTb nyaccoHOBCKHM. B 3thx o6jiacTax napaivieTpoB ajia Moaejia 
Sq npHHHMaeM npiiGjiiiJKeHiie So = M/Gq/oo. 

B 3tom npnSjiHJKeHHH cnpaBe^jiHB cjieayromriH tohhmh pe3yjibTaT [T2l 

1 1 1 j . BepOflTHOCTb TOrO, HTO B CHHXpOHH3aTOpe HaXO^HTCH k = 0, ...,oo 3a- 

hbok, oafaaaiomax cbohx BTopbix napTHepoB, paBHa 



rae p = XT 3aaaeT cpeaHee 3HaaeHae KOJiaaecTBa 3aaBOK b CHHxpoHH3aTope, 
a T - cpeaHee Bpeivia npe6biBaHaa b cimxpoHH3aTope. B paSoTe p] nojiyae- 
hm npH6jin>K6HHbi6 BbipaateHaa ajia (pyHKn,HH pacnpe^ejieHHH BepoaTHOCTa 
BpeMeHH npeSbiBaHHa b CHHxpoHH3aTope a, cooTBeTCTBeHHO, ajia cpeairero 
BpeMeHH T. 

H3 ([T|), cjieayeT, hto cpeaHee 3HaaeHae KOJiaaecTBa 3aaBOK, Haxoaanjax- 
ca b peajibHOM CHHxpoHH3aTope, orpaHiiaeHO CHH3y HeHyjieBoa BejiaaaHoa 
p, KOTopaa paccariTaHa ajia aaeajibHoro (MrHOBeHHO cpaSaTbmaiomero) chh- 
xpoHH3aTopa So- 3ia BejiaaaHa xapaKTepH3yeT MHHHMajibHbia pa3Mep na- 
MaTH, Heo6xoaaMbia ajia pa6oTbi CHHxpoHH3aTopa, 3aBiicnT tojibko ot napa- 
MeTpoB cera PO, coaepacanjea CHHxpoHH3aTop, a He MoaceT SbiTb yMeHbineHa 
3a caeT noBbinieHaa npoa3BoaaTejibHOCTH peajibHoro CHHxpoHH3aTopa. 

5 IIotok Ha BbIXO^,e CHHXpOHH3aTOpa 

IIotok 3aaBOK Ha Bbixoae Moaejia So (to ecTb BapTyajibHbia noTOK out (So)) 
coBnaaaeT c noTOKOM BTopbix napTHepoB MapKapoBaHHbix nap. KaK a b cjiy- 
aae BxoaHoro noTOKa in(So) b pa3aejie 02, MoacHO noKa3aTb, hto HHTeHCHB- 
HOCTb noTOKa out(So) Ha Bbixoae CHHxpoHH3aTopa paBHa A out = A. 

^jih o6ni;ero cjiyaaa ceTH PO {M/M/N a ; M/M/N b } MeToaaMH hmh- 
Tan,HOHHoro MoaejiapoBaHaa nocTpoeHa TaSjiaaa Kaacaaa CTpoxa kotopoh 
3aaaeT o6jiacTb napaMeTpoB ceTH PO, b kotopoh bbixo^hoh noTOK Moaejia So 
HBJiaeTca noaTH nyaccoHOBCKHM (cm. IIpHJioaceHHe lAl) c tohhoctbio a = 0.01 

H HHTeHCHBHOCTbK) A out = A. 



B npoHHTHpoBaHHbix bo BBeaeHaa pa6oTax npoaecc o6T>e,aHHeHHa napHbix 
3aaBOK b ceTax PO He paccMaTpHBajica. B ochobhom aBTopbi BbiancjiajiH 




(1) 



6 OScy^c^eHne pe3yjibTaTOB 
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TaSjiHHa 2: OSjiacni iiohth nyaccoHOBCKoro (c tohhoctbio 0.01) noTOKa 
out(S"o). 



N a 


N b 






[1,2] 


[1,2] 


(0, 0.2] U [0.75, 1) 


(0, 0.2], ecjin \ipb-ip a \ > 0.1 


[1,2] 


[1,2] 


(0, 0.2], ecjin |V« — -0b| >0.1 


(0, 0.2] U [0.75, 1) 


[3, 5] 


[3, 5] 


(0, 0.75] 


(0, i) 


[3, 5] 


[3, 5] 


(0, i) 


(0, 0.75] 


[6, oo) 


[6, oo) 


(0, i) 


(0, i) 



MaKCHMyM ii3 BpeMeH npoxo>KfleHHa Bcex BeTBeft ceTH PO, He HHTepecyacb 
npoueccaMii, npoHCxcmHiHHMH b tohkc S h nocjie Hee. llpe^jiojKeHHaa Ha- 
mh Mo^ejib HOBoro (pyHKn,HOHajiBHoro sjieMeHTa, cnHxpoHH3aTopa MapKH- 
poBaHHbix nap, no3BOJiHjia He tojibko oueHHTb pecypcbi, Heo6xo^,HMbie ^jih 
6ecnepe6oflHOH pa6oTbi ceTH PO, ho h onpe^ejiHTb ycjiOBHH, npn kotopbix 

CHHXpOHH3aTOp (BMeCTe C MOflejIBK) BCefl CeTH PO) MOJKeT BCTpaHBaTBCa B 

6ojiee KpynHbie BHeniHHe ceTH b KanecTBe MapKOBCKOH no^CHCTeMbi. 

OueHica pecypcoB, Heo6xo,a;HMi>ix rjir cpyHKHHOHnpoBaHHsi ceTH 
PO 6e3 noTepn HHcpopMaHHH. Mo^ejib So CHHxpoHH3aTopa c 6ecKOHeH- 
hmm KOJinnecTBOM KaHajiOB OKa3biBaeTca npHro^HOH rjir npcTH03HpoBaHHa 
peajibHbix orpaHHneHHH Ha (KOHenHoe) KOJinnecTBO KaHajiOB K max , Heo6xo- 
flHMbix Ha npaKTHKe. 

IlycTb b CHHxpoHH3aTope flonycKaeTca noTepa ^ojih e ot o6mero nncjia 
3aaBOK, nocTynaioiHHx Ha Bxofl CHHxpoHH3aTopa. Hafl^eM pa3Mep K max na- 
mhth CHHxpoHH3aTopa TaKOH, KOTopbiH rapaHTHpyeT, hto noTepn 3aaBOK He 
npeBbicjiT SToro nopora: P(k > K max ) < e. OTCio^a c noMombio © nojiy- 
naeivi ypaBHeHne ^jih Haxco*:,ii;eHHa K max (e, p) : 




exp(-p) < e. 



n=0 



AHajiorHHHO mojkho Haft™ napaivieTpbi BeTBefi a h b, npn kotopbix o6ec- 
neHHBaeTca 3a,u;aHHbiH ypoBeHb noTepb HHCpopMauiiH. 

OnTHMH3aii;Ha pecypcoB ceTH c Hcnojn>30BaHHeM MO^ejin chh- 
xpoHH3aTopa. IlpHBefleM HecKOJibKO npniviepoB nepepacnpe^ejieHHH pe- 



ll 



cypcoB MejK^y cocTaBHMMii nacTHMH ceTii PO: CHHxpoHH3aTopoM, BeTBbio a 

H BeTBbK) b. 

ripe^,nojio>KHM, hto b BeTBax a h 6, Haxo^HTCfl q a n q^ 3aaBOK cootbct- 
CTBeHHO, a b naMflTH CHHxpoHH3aTopa HaxoflHTca K(Sq) 3aHBOK. IlycTb pa3- 
MemeHne 3aaBOK b BeTBax a n b, a TaKxce 3aaBOK b naiviaTH CHHxpoHH3aTopa 
Sq peajiH30BaHO npii noMomn o6meii naiviaTH orpaHHaemioro oSteivia M max : 

„max i „max i Tsmax f o \ i\ irmax 

Qa +Qb + K Oo) = M 

B 3tom cjiynae jierKO pa3peinHivia 3ajjana BbiSopa TaKoro Ha6opa napaivieT- 
poB ce™ PO (N a , Nj,), npn kotopom o6ni;He noTepn e HHCpopivianHH b ce™ 
npiiHHMaiOT MHHHMajiBHoe 3HaneHHe. 

Ecjih Hexo^HTb H3 (piiKCiipoBaHHoro ^onycTHMoro nopora e noTepb hh- 
cpopMainin, mojkho HaiiTH MHHHMajibHoe 3HaneHHe o6T>eMa M max oSmen na- 
iviaTH, npn kotopom o6ecneaHBaeTca 3aflaHHbifl nopor noTepb. 

Ecjih ace neHa peajin3an;HH Kaacapro H3 napajiJiejibHbix KaHajiOB oScjiy- 
>KHBaHHa cymecTBeHHO pa3JinaaeTca b BeTBax a h 6, to mojkho peniaTb 3aaa- 
ny onTHMH3an,HH HeHbi Bcefi cgth (BKjnonaa CHHxpoHH3aTop) npn 3a,a,aHHOM 
3HaneHHH e hjih npn 3a^aHHOM 3HaneHHH M max . 

Tenepb paccMOTpHM cjiyaaii, Koraa cpejjriee Bpeivia T npeSbraaHHa b chh- 
xpoHH3aTope BejiHKO no cpaBHeHHio c 1/A. 3to 03HanaeT hto oio;Ha H3 BeTBeii 
(Hanpniviep, a) ceTH PO pa6oTaeT 3HannTejibHO 6biCTpee, aeivi apyraa. Toraa 

BGTBb b CTaHOBHTCa y3KHM MeCTOM. J\jlH nOBbinieHHa npOH3BO,aHTejIbHOCTH 

ceTH HMeGT CMbicji yBejiHnHTb N\y. Ecjih >Ke o6maa neHa BaacHee npon3BO- 
flHTejibHOCTH, to ecTb CMbicji yMeHbHiHTb N a . B nocjieaHeivi cjiynae Bpeivia 
npe6biBaHHa b ceTH PO nonTH He h3M6hhtch, yivieHbHieHHe napaivieTpa N a 
npnBeaeT jihhib k nepepacnpeaejieHnio oSineft naiviaTH iviea<ay cpeaHHivin 3Ha- 
neHHHMH KOJinnecTBa q a 3aaBOK b bctbh a n KOJinnecTBa 3aaBOK K(Sq) b 

CHHXpOHH3aTOpe. 

BcTpaHBaeMOCTb MO,a;ejiH CHHxpoHH3aTopa bo BHenmioio ceTb. 

B pa3^ejie [5] Han^eHa oSmnpHaa oSjiacTb napaMeTpoB cera PO, b KOTopon 

BblXOaHOH nOTOK MOaejIH Sq CHHXpOHH3aTOpa MOJKHO npn6jIHa<eHHO CHHTaTb 

nyaccoHOBCKHM, npn ycjiOBHH, hto Ha Bxoa, ceTH nocTynaeT nyaccoHOBCKHH 
noTOK. 3to 03HanaeT, hto npeajioaceHHaa ivioaejib CHHxpoHH3aTopa c napa- 
MeTpaMH H3 Han^eHHon oSjiacTn Moa<eT BCTpanBaTbca (BMecTe c Moaejibio 
Been ceTH PO) b 6ojiee KpynHbie BHenmne ceTH b KanecTBe MapKOBCKOH noa,- 
CHCTeMbi. 3to cbohctbo MapKOBOCTH cymecTBeHHO ynpomaeT flajibHenninH 
aHajiH3 BHeniHeii ceTH. 

HaM npHHTHO no6aaroaapnTb A.B. Koaoa3ea, A.B. KHH3eBa, K.K). Iljia- 
TOBa, H.A. KpaBneHKO h A.<J>. PoHJKHHa 3a nojie3Hbie o6cyataeHHa. 



12 



A IIpOBepKa CTaTHCTHHeCKHX THnOTe3 



Ta6jiiin;a 3: 3HaHeHiia CTaTiiCTiiaecKiix KpiiTepiieB 









in(So) 


out 


[So) 






x 2 


St 


x 2 


St 


A = 0.3, 

N a = 1, 

N b = l 


0.75 


0.75 


167 


1.86 


192 


0.46 


0.75 


0.5 


130 


0.53 


118 


2.32 


0.75 


0.25 


61 


2.02 


56.3 


2.08 


0.75 


0.2 


46 


1.89 


43.3 


2.12 


0.1 


0.2 


35 


2.09 


49.2 


1.83 


0.1 


0.1 


46.6 


1.80 


55.4 


1.98 


0.375 


0.375 


110 


2.36 


212.3 


1.5 


A = 1.5, 
iV a = 3, 
N b = 5 


0.83 


0.3 


30 


0.30 


37.82 


0.56 


0.91 


0.6 


44.2 


1.57 


31.33 


2.20 


0.83 


0.75 


51.9 


3.42 


60.02 


3.26 


0.83 


0.83 


54.5 


3.04 


74.13 


3.53 


0.625 


0.6 


45 


1.38 


48.47 


2.17 


0.5 


0.5 


42.3 


1.07 


23.07 


2.17 


0.25 


0.25 


30 


1.68 


19.17 


0.45 


A = 2, 
N a = 8, 
N b = 8 


0.5 


0.36 


33.3 


0.28 


33.56 


0.28 


0.83 


0.625 


31.75 


2.09 


24.07 


2.07 


0.93 


0.71 


35.15 


1.95 


28.20 


1.92 


0.83 


0.83 


25.4 


1.89 


45.39 


2.05 


0.9 


0.93 


32.7 


2.20 


48.26 


0.65 


0.42 


0.83 


30.5 


0.20 


38.78 


2.17 



Onpe^ejieHne. Ilpn oniicamiH pe3yjibTaTOB HMHTan,noHHoro Mcmejiiipo- 
Bairaa 6yn;eM Ha3biBaTb noTOK 3aaBOK noumu nyaccoHoecKUM c mouHocmbw 
a, ecjin o^HOBpeMeHHO npimiiMaiOTca (c ypoBHeM 3HaaiiMOCTH a) ppe cjie^y- 
ioni;He CTaTiiCTiiHecKiie rnnoTe3bi: 

1. pacnpe^ejieHne HHTepBajiOB Mexc^y MOMeHTaMH nocTynjieHHH 3aaBOK 
aBjiaeTca SKcnoHeHipiajibHbiM (coraacHO KpiiTepnio IlnpcoHa); 

2. K03(p(pHii;HeHT Koppejian;HH coceflHiix HHTepBajiOB MejK^y MOMeHTaMH 
nocTynjieHna 3aaBOK paBeH Hyjiio (corjiacHO KpiiTepiiio CTbio^eHTa) . 

JXjir MO^ejinpoBaHHa cjiy^anHbix npon,eccoB b cgth PO (pnc. ED) npmvie- 
Hajica bxo,h,hoh noTOK H3 10 5 3aaBOK c SKcnoHeHipiajibHbiM pacnpe,a,ejieHneM 
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BpeivieHHbix HHTepBajiOB, nojiyaeHHbiH c Hcnojib30BaHHeM ,naTHHKa cjiyaaH- 
hbix HHceji. Hpaiviaa npoBepKa 3Toro Bxo^Horo noTOKa noKa3ajia, uto oh 
aBjiaeTca nouTH nyaccoHOBCKHM c touhoctbio a = 0.01. Hpn npoBepKe CTa- 
THCTHnecKHx rnnoTe3 o coBnaflGHiiii SMnnpnuecKoro pacnpe^ejieHHH c rnno- 
TeTHnecKHM (to ecTb 9KcnoHeHn,HajibHbiM) no KppiTepiiio IlHpcoHa, o6jiacTb 
onpeflejieHHa njiOTHOCTii pacnpe^ejieHna pa36nBajiacb Ha 30 OTpe3KOB paB- 
Hoii BepoaTHOCTH. IlpoBepajiocb HajiHane cbohctb nyaccoHOBCKoro noTOKa y 
BMnnpnuecKn Ha6jno,naeMbix Bxo^Horo in (So) n Bbixo^Horo out (So) noTOKOB 
3aaBOK b MO^ejin CHHxpoHH3aTopa So- J\jw 3Toro npn MHornx KOM6nHan,nax 
3HaneHHH napaMeTpoB cera PO (A, N a , iV&, ijj a , ipb) paccunTbiBajincb: 3Haue- 
Hne x 2 KpHTepna rinpcoHa; a TaKJKe 3HaaeHne St KpnTepna CTbiofleHTa ,u;jia 
KOScpcpHHiieHTa KoppejiauiiH coce^Hnx HHTepBajiOB b noTOKe 3aaBOK. J\jih 
oSohx KpHTepneB npHHHMajica ypoBeHb 3HauHMOCTH a = 0.01. Ilpn btom 
rpaHH^HbiM 3HaneHHeM KpnTepna IlHpcoHa aBjiaeTca BejinunHa Xo = 49.6, 
a rpaHH^HbiM 3HaueHneM KpnTepna CTbio^eHTa - BejinunHa Sto = 2.33. 

B TaSjinue [3] npHBe^eHbi ,naHHbie, paccuHTaHHbie npn HeKOTopbix 3Haae- 
HHax napaivieTpoB cera. CTOjiSrrbi, o6o3HaaeHHbie "in(So)" h "out (So)", ot- 
HOcaTca k npoBepKe flByx rnnoTe3 (cm. onpe^ejieHne nouTH nyaccoHOBCKoro 
noTOKa) o CBOHCTBax noTOKOB 3aaBOK. >KupHbiM nipucpTOM Bbi^ejieHbi Te 
3HaneHua KpnTepneB, npn kotopmx cooTBeTCTByroinne runoTe3bi Sbijih ot- 
BeprHyTbi: x 2 > Xo HJIH St > ^o- AnajiornuHbie ^aHHbie Gmjih ncnojib30Ba- 
hm fljia nocTpoeHHa Ta6jinn; [TJ h [2l 
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